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Abstract

Water plays a crucial role in the structure and function of proteins and other biological macromolecules; thus,
theories of aqueous solvation for these molecules are of great importance. However, water is a complex solvent
whose properties are still not completely understood. Statistical mechanical integral equation theories predict the
density distribution of water molecules around a solute so that all particles are fully represented and thus potentially
both molecular and macroscopic properties are included. Here we discuss how several theoretical tools we have
developed have been integrated into an integral equation theory designed for globular macromolecular solutes such
as proteins. Our approach predicts the three-dimensional spatial and orientational distribution of water molecules
around a solute. Beginning with a three-dimensional Ornstein]Zernike equation, a separation is made between a
reference part dependent only on the spatial distribution of solvent and a perturbation part dependent also on the
orientational distribution of solvent. The spatial part is treated at a molecular level by a modified hypernetted chain
closure whereas the orientational part is treated as a Boltzmann prefactor using a quasi-continuum theory we
developed for solvation of simple ions. A potential energy function for water molecules is also needed and the sticky

Ž .dipole models of water, such as our recently developed soft-sticky dipole SSD model, are ideal for the proposed
separation. Moreover, SSD water is as good as or better than three point models typically used for simulations of
biological macromolecules in structural, dielectric and dynamics properties and yet is seven times faster in Monte
Carlo and four times faster in molecular dynamics simulations. Since our integral equation theory accurately predicts
results from Monte Carlo simulations for solvation of a variety of test cases from a single water or ion to ice-like
clusters and ion pairs, the application of this theory to biological macromolecules is promising. Q 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction

Water plays an important role in the structure
w xand function of proteins 1 . However, water is a

complex solvent whose properties are still not
w xcompletely understood 2 . At a superficial level,

the aqueous solvation of simple solutes can be
described simply by the hydrophobic effect for
non-polar solutes and by continuum electrostatics
for ions. The difference in the solvation free
energy of non-polar solutes in water relative to
that in hydrocarbons

Ž .DG CH in H OªCH in H.C.4 2 4

sy12 kcalrmol

is often given as a demonstration of the hy-
drophobic effect. The solvation free energy of
simple ions is predicted with remarkable accuracy
by the Born solvation free energy equation, given
by

q2 1 2 Ž .DG sy 1y r g r ,rBorn 1 2ž /2 R «

Ž .dr ??? dr exp yb VH 2 N2sN
Ž .dr ??? dr exp yb VH 1 N

where q and R are the charge and radius, respec-
tively, of the ion and « is the dielectric constant
of the solvent, and yet it is based on considering
water as a dielectric continuum. However, molec-
ular effects, especially hydrogen bonding, are also
clearly important. For instance, perhaps the first
molecular interpretation of the hydrophobic ef-
fect is the formation of enhanced hydrogen-
bonded structures of water around non-polar so-

w xlutes 2 , although recent computer simulations
give a mixed picture, with some supporting this
picture and others supporting the picture that the
transfer into water involves an enthalpy gain due
enhanced solute]solvent van der Waals interac-
tions and an entropy loss is due to the exclusion
of waters from the region occupied by the solute,

w xas discussed in Blokzijl and Engberts 3 and
w xDurell and Wallqvist 4 . Also, hydrogen bonding

to polar groups is very important in the solvation

energetics of polar solutes. Moreover, the hydro-
gen bonding properties of water serve to differ-
entiate solvation of negative and positive ions in
that first shell waters are in a hydrogen bonding
orientation to a negative ion whereas they are in

w xa dipolar orientation to a positive ion 5 .
The complexity of aqueous solvation of pro-

teins arises in part because they are globular
macromolecules so that neighboring atoms affect
the solvation of a given atom. For instance, the
water structure around a partially buried non-
polar group at the surface of a protein cannot be
described simply as a fraction of a clathrate;
furthermore, the identity of the neighboring atoms
will also influence the structure. In addition, the
electrostatic solvation free energy of two atoms
adjacent to each other, whether bonded or in van
der Waals contact, is not simply the sum of the
Born free energies of each atom. The complexity
is even greater because proteins are composed
not just of one type of atom but of non-polar,
polar, and charged groups so that all of the ef-
fects mentioned above are important. Moreover,
because of the inhomogeneous distribution of
these different species, the interplay of these
phenomenon at the molecular level is particularly
difficult to deconvolute.

Theoretical studies of pure water and aqueous
solutions by computer simulation techniques such

Ž .as molecular dynamics MD and Monte Carlo
Ž . w xMC 6 have provided much insight into their
physical and chemical properties. However, an
accurate and efficient representation of aqueous
solvent in computer simulations of biological
macromolecules remains a serious challenge be-
cause of the large size of biological macro-
molecules, so that even a few solvation shells
require a very large number of water molecules.
For instance, a 55-residue, 6-kDa protein solvated

˚Ž .with approximately three shells of water 9 A to
a box edge requires approximately 1200 water

w xmolecules in a rectangular octahedral box 7 or
approximately 2800 in a rectangular box. In addi-
tion, there are problems associated with boundary
conditions. For instance, a droplet boundary can
lead to surface tension effects, a stochastic
boundary can lead to solvent density anomalies at
the boundary and a periodic boundary can lead to
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periodic artifacts such as standing waves. Further-
more, the use of boundary conditions complicates
the calculation of solvation energetics, since the

˚contribution of water beyond 9 A from a singly
charged ion is ;20 kcalrmol. Also, proteins and
nucleic acids are highly charged, leading to prob-
lems in the long range electrostatics. A variety of
methods including truncation, Ewald sums, and

w xreaction fields 6 have been proposed, but there
are still difficulties associated with each. Further-
more, simulating the salt strength remains a prob-
lem since fully equilibrating counterions is dif-

w xficult 8 .
Statistical mechanical integral equation theo-

ries, which have been very successful in under-
w xstanding simple liquids 9 , are an alternative ap-

proach to providing structural information at a
molecular level. Since these theories predict the
density distribution of water molecules around a
solute so that all particles are fully represented
and thus potentially both molecular and macros-
copic properties are included. Thus, the problems
associated with trying to combine continuum di-
electric electrostatic potential calculations with
solvation parameters, such as ‘over-counting’ in-
teractions and the ‘correct’ decomposition of the
interactions, are avoided. In fact, these methods,
using the same atomistic potential energy func-
tions as in MD or MC simulations, predict the
same type of equilibrium information about the
solvent that a MD or MC simulation would.
Moreover, they have the added advantage that
infinitely large systems can be studied.

This paper describes how several theoretical
tools we have developed have been integrated
into an integral equation theory that describes
the three-dimensional structure of water around
globular solutes. First, the theoretical tools are
described in the context of the integral equation
theory. The integral equation theory predicts the
three-dimensional positional and orientational
distribution of water molecules around the solute
w x10,11 , and is based on a three-dimensional Orn-

Ž . w xstein]Zernike OZ equation 9 decomposed into
a reference part depending only on the position
Ž .r of the solvent molecule with respect to the
solute and a perturbation part depending also on

Ž .the orientation V of the solvent molecule with

respect to the solute. The decomposition makes it
possible to solve the V-independent part by a
hypernetted chain based integral equation theory
w x9 and to treat the V-dependent part as a Boltz-
mann prefactor using a quasi-continuum theory

w xdeveloped by our group 12]14 . This decomposi-
tion works best with water models in which a
water molecule is represented as a single point
with a vector describing its orientation such as

Ž . w xthe Bratko]Blum]Luzar BBL water model 15 ,
which has a hard-sphere, a point dipole and a
tetrahedral ‘sticky’ potential that models the hy-
drogen bonding properties, and our new soft-

Ž . w xsticky dipole SSD model of water 16 , which is a
soft-sphere version of BBL. Remarkably, the SSD

w xmodel is as good as or better than the SPC 17 ,
w x w xSPCrE 18 and TIP3P 19 three-point models

typically used in simulations of biological macro-
w x w xmolecules for structural 16 , dielectric 20 and

w xdynamical 21 properties and yet is about seven
times faster in MC and approximately four times
faster in MD simulations. After the description of
the theoretical methods, the good agreement
between our theory and MC simulations for the
three-dimensional structure of water around
frozen water clusters of various size using BBL

w xwater 10 and more recently, around water clus-
ters, single ions and ion pairs using SSD water
w x11 is described. Finally, the efficiency of the
method is discussed.

2. Theoretical methods

2.1. Ornstein]Zernike theories

Statistical mechanical integral equation theo-
ries have been a very successful means of study-
ing liquid structure. The Ornstein]Zernike type

w xintegral equation theories 9 predict the radial
Ž .distribution function, g r , which describes the

number of particles at a given distance from a
central particle. The radial distribution function
is given by

Ž .dr ??? dr exp yb VH 2 N2 2Ž .r g r ,r sN1 2
Ž .dr ??? dr exp yb VH 1 N
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where r is the density, N is the number of
particles, V is the total potential energy, bs
1rk T , k is Boltzmann constant and T is theB B
absolute temperature. The radial distribution
function can be measured experimentally from
X-ray or neutron diffraction experiments and all
thermodynamic properties of the system may be
obtained from it.

The general form of the OZ integral equation
Ž .for a simple liquid i.e. for spherical particles is

given by

Ž . Ž . Ž . Ž . Ž .h r sc r q c r rh r dr 1H12 12 13 32 3

Ž . Ž .where h r sg r y1 is the pair correlation func-
Ž .tion, c r is the direct correlation function and r

Ž .is the density. The function c r may be described
as the direct interaction between the two particles
in the field of the other particles. However, the
OZ simply relates one unknown, h, to another
unknown, c, so ‘closure’ relations are needed that
define c as a function of h and ¨ , the pair
potential. Some common closures are the Per-

Ž . Ž .cus]Yevick PY , the hypernetted chain HNC ,
Ž .and the mean spherical approximation MSA . A

general form for a closure is

Ž . w Ž . Ž . Ž . Ž .x Ž .g r sexp yb ¨ r qh r yc r qb r 2

Ž .where b r is a function that, if equal to the
correct bridge function, makes the theory exact
whereas if approximated, serves to differentiate

w xbetween approximate closures 9 .
The extension of the OZ equation to molecular

fluids has generally followed one of two ap-
proaches. One approach is the reference interac-

Ž .tion site model RISM theory by Chandler and
w xAnderson 22 , which is for site models such as

the various TIPS and SPC models. One problem
encountered with this approach is that the inte-
gral equation theory is not exact. The extension
to solvation around larger solutes includes studies

w xof solvation of peptides 23,24 and neutral and
w xcharged structureless macroparticles 25 . The

other approach is to use a three-dimensional OZ,
which is suited for moment expansion models of
solvent particles. The extension to solvation of

larger solutes includes studies with the RHNC
w xclosure for the Kusalik]Patey 26 model of

water of neutral and charged structureless macro-
w xparticles 25 and our studies of the

w xBratko]Blum]Luzar model of water 15 around
w xice-clusters 10 . Our approach predicts the

three-dimensional positional and orientational
distribution of water molecules around the solute,
rather than the radial distributions with respect
to various sites in the solute predicted by RISM
theories.

2.2. Formulation of the integral equation theory for
macromolecules

The goal in developing the integral theory de-
scribed here was to balance accuracy and speed
for practical use for macromolecules, in particu-
lar, for aqueous solvation of proteins. The inte-
gral equation theory has been described in detail

w xelsewhere 10,11 so it is summarized here. The
Ž .pair distribution function, g r V , is used tosw sw

describe the structure of water around the solute,
where subscripts s and w denote solute and wa-
ter, respectively, and r and V define thesw sw
position and the orientation, respectively, of a
water molecule relative to the solute. A closure is
combined with the OZ equation to give

Ž . Ž . Ž .g r V sexp yb ¨ r V qb r Vsw sw sw sw sw sw

r Ž .q Hc r Vw w 9 w w 928p

Ž . Ž .=h r V dr dV 3sw 9 sw 9 w 9 w 9

Ž .The OZ equation written as in Eq. 3 does not
involve the solute]water direct correlation func-
tion, which is important because the pure solvent

Ž .direct correlation function c r V can be ob-sw sw
tained a priori.

The crux of the present theory is a perturba-
tion-type decomposition of the total distribution

w xfunction, similar to the work by Kusalik 27 for
dipolar soft-sphere fluids. The total solute]water
interaction is separated into two parts



( )Y. Liu, T. Ichiye r Biophysical Chemistry 78 1999 97]111 101

Ž . o Ž . aŽ . Ž .¨ r V s¨ r q¨ r V 4sw sw sw sw sw

oŽ . aŽ .where ¨ r and ¨ r V are the referencesw sw sw
and perturbation parts of the total potential, re-

Ž . Ž .spectively. Likewise, b r V and c r V aresw sw sw sw
decomposed in a similar manner. Furthermore,
we define

Ž . 2 Ž . o Ž . Ž .g r V s8p P V ;r g r 5sw sw sw sw sw

oŽ .in which g r is the probability of finding asw
water at position r independent of its orienta-sw

Ž .tion V and P V ;r is the conditionalsw sw sw
probability that a solvent molecule at position rsw
has the orientation V . The latter is approxi-sw
mated by

w Ž .xexp ybv r Vsw swŽ . Ž .P V ;r s 6sw sw 2 Ž .8p k rsw

Ž .where v r V is a potential of mean force andsw sw

1Ž . w Ž .x Ž .k r s exp ybv r V dV 7Hsw sw sw sw28p

oŽ .The function g r is approximated bysw

o o oŽ . Ž . Ž . Ž .g r sk r exp yb ¨ r qb rsw sw sw sw

o oŽ . Ž . Ž .qr c r h r dr 8H w w 9 sw 9 w 9

Ž .Therefore, the difficult solution to Eq. 3 is
w Ž .xdivided into two steps: the spatial part Eq. 8

w Ž .xand the orientational part Eq. 6 .

2.3. The solution of the spatial part

Ž Ž ..The solution of the spatial part Eq. 8 is
further simplified as follows. First, the

oŽ .water]water direct correlation function, c rw w 9

is approximated by the pure water isotropic func-
oŽ . oŽ .tion c r fc r , which can be obtained byw w 9 w w 9

w xsolving the HNC]OZ iteratively 28]30 using a
radial distribution function from simulation and a

oŽ .spherically-averaged potential. The c r cal-w w 9

culation is a one-time task. Second, the unknown
oŽ .bridge function b r is handled in two ways.sw

oŽ .For the BBL calculations, b r s0 is assumedsw
Ž .so that Eq. 8 reduces to the familiar HNC-type

oŽ .equation while for the SSD calculations, b rsw
is approximated by the bridge function of a refer-

Ž . w xence system RHNC 9 . For the latter, the
oŽ .c r function is used to calculate the bridgew w 9

oŽ .function of pure water b r from the simula-sw
tion, which now serves as the reference for all
interactions by assuming b is a function of a

w xvariable r rs s r rs 11 . For a multi-sitesw sw w w 9 w w 9

solute, the total bridge function is approximated
Žby the sum over all sites and is anisotropic r-de-

.pendent . Third, the three-dimensional,
Ž .anisotropic convolution in Eq. 8 is approximated

oŽ . oŽ . < oŽ . <by g r sg r , where g r is au ,f u ,fsw sw sw
separate, isotropic solution for each u and f ;sw sw
i.e. a set of one-dimensional solutions.

2.4. The solution of the orientational part

w Ž .xThe solution of the orientational part Eq. 6
is also simplified as follows. The orientational

Ž .potential force function v r V is approxi-sw sw
mated using a quasi-continuum theory developed
by our group. This theory gives the orientation of
water in the field of a charge, and is based on the
interaction of a point charge and a single dipole
Ž .representing one water in a cavity in the contin-
uum, allowing for correlation between the dipole

w xand its neighbors 12 . From this, the solvation
energy of simple ions in a continuum solvent can
be calculated, which approaches the Born solva-
tion energy in the proper limits. The theory using
the bulk value for the dielectric constant agrees
MD simulation results for explicit ions in explicit
water at large r for both the orientation andsw

w xthe solvation energy 12,31 . Moreover, it has
been useful in studying the origins of the Born

w xradius 13 , deviations from Marcus theory for
w xelectron transfer 32 , and non-linear response in

w xionic solvation 14 .
The previous work has shown that orientation

of water for all shells around a singly-charged
Ž . w xcation Fig. 1a,b 31 and beyond the first one

Ž .shell around a singly-charged anion Fig. 1c,d
w x12,31 can be simply described as a dipole in a
dielectric continuum with a dielectric constant
close to the bulk value. Extending this to an



( )Y. Liu, T. Ichiye r Biophysical Chemistry 78 1999 97]111102

arbitrary solute, the functional form for
Ž .v r V is then quite simplesw sw

Ž .mE r Vsw swŽ . Ž .v r V s 9sw sw Ž .« 9 rsw

where m is the dipole moment of water,
Ž .E r V is the field due to the solute in asw sw

Ž .vacuum and « 9 r is a screening factor. Thesw
Ž .factor « 9 r is small at small r but approachessw sw

a value that is a function of the bulk dielectric
constant at large r . An empirical functionalsw

Ž .form for « 9 r was constructed for both BBLsw
w x w x10 and SSD 11 water. For a single site solute,
the theory is used directly but for a multi-site
solute, the orientational function is approximated
by an infinite dilution superposition, i.e. the dipole
orienting electrostatic field due to each individual
site ignoring the others is calculated and then

Ž .summed. The functional form for v r Vsw sw

should be quite accurate for positive charges and
beyond the first shell around negative charges,
but somewhat less accurate for the first shell
around negative charges because of hydrogen

Ž . Ž . q Ž .Fig. 1. P cos u ;r as a function of cos u for around ions in TIP3P water from MD simulations: a the first shell around Na , b
q Ž . y Ž . ythe second shell around Na , a the first shell around Cl , b the second shell around Cl .
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bonding. The latter could be improved by using a
different function for the first shell.

2.5. The water models

The integral equation theory requires an
atomistic potential energy function for the water.
The choice of the potential energy function is
driven not only by considerations of accuracy of
the model but also the constraints of the formula-
tion of the integral equation theory. Electrostatic
terms are of course necessary to mimic the ionic
solvation properties of water, but the integral
equation theory is best suited for single-point
models of water with electrostatic interactions
rather than multi-site models such as the various
TIPS and SPC models because it is a single-site
theory. Moreover, these models are readily de-
composed into a short-range, orientation-inde-
pendent part and a long-range, orientation-de-
pendent part dependent on the electrostatics. The
earliest models of this sort that account for elec-
trostatic interactions are Stockmayer-type point

w xdipole potentials 33]36 , which include no higher
than dipolar interactions thus precluding the te-
trahedral coordination of the first shell around a
water molecule. Of these models, the Surface

Ž .Constrained Soft Sphere Dipole SCSSD model
does include additional correction potentials to

w ximprove the short range interactions 35,36 but
of course hydrogen-bonding properties cannot be

reproduced. To introduce the tetrahedral coordi-
nation, higher electrostatic moments have been

w xincluded 33,37]39 .
Another approach for including hydrogen bond

interactions has been developed by Bratko, Blum
w xand Luzar 15,40 . The BBL model has a hard-

sphere embedded with a point dipole of ms1.85
D but now a empirical tetrahedral, octupolar
‘sticky’ potential is included for mimicking the

Ž .hydrogen-bond interactions Fig. 2 . The sticky
potential is an attractive square-well potential
dependent on the relative orientation of the two
interacting molecules, with the point dipole
breaking the symmetry between the hydrogens
and the lone pairs. A major advantage of this
approach over including higher electrostatic order
moments is that the sticky potential does not
interact with the point dipole directly so that
fewer interactions need to be calculated. Re-
cently, our group has developed the SSD model
Ž . w xFig. 2 16 , which is much like the BBL model
but has several important modifications. First, the
short range interactions are a Lennard]Jones
soft-sphere, which allows it to be used with poten-
tial energy functions typically used for computer
simulations of biological macromolecules. Sec-
ond, the point dipole has been increased to the
value for TIP3P and SPCrE, ms2.35 D, which is
based on the estimated dipole moment of a water
molecule in liquid water and which has been
found to be important for the dielectric proper-

Table 1
Properties of liquid water for SSD and other water models

a a a b c cProperty SSD TIP3P TIP4P SPC SPCrE RPOL Exp

dŽ . Ž . Ž . Ž . Ž .Coord. No. to 4.4 5.2 4.5 5.5 4.2 5.0 ] 5.1 ] ] 4.5 5.3
˚ ˚Ž .3.3 A 3.5 A

dŽ . Ž . Ž . Ž . Ž .No. H-bond to 3.6 4.0 3.5 3.9 3.5 3.8 ] 3.9 ] ] 3.6 4.0
˚ ˚Ž .2.35 A 2.5 A

eŽ .E kcalrmol y9.60 y9.67 y10.02 y10.18 y9.9 y9.9 y9.92i
f f f gŽ .C calrmol per K 20.0 15.6 16.0 21.7 ] ] 17.9¨

h ijl ikl klm g« 81 82 53]61 54]74 62]71 106 780
y5 2 n l l pŽ .D 10 cm rs 2.3 5.1 , 5.2 3.3 3.6 , 4.28 2.4 2.4 2.3

o l o lŽ .t ps 4.8 2.0 2.9 , 3.6 2.4 , 3.3 5.1 5.5 ]1
l qŽ .t ps 8.0 5.75 ] 11.0 10.0 11.0 8.1D

a w x b w x c w xNotes. Ref. 16,20,21 unless otherwise specified; ref. 19 unless otherwise specified; ref. 45 unless otherwise specified;
d w x e w x f w x g w x h w x i w x j w x kcalculated from data in ref. 46 ; ref. 47 ; recalculated from data in ref. 19 ; ref. 48 ; ref. 49 ; ref. 50]52 ; ref. 53 ; ref.
w x l w x m w x n w x o w x p w x q w x45 ; ref. 54 ; ref. 55 ; ref. 56 ; ref. 57 ; ref. 58 ; and ref. 59 .
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Ž . ŽFig. 2. Schematic of water models. a Three-site models i.e.
.SPC, TIP3P have one point located at the oxygen, which is

the center of a van der Waals sphere and a point charge, and
two points located at each of the hydrogens, which each are

Ž . Žthe center of a point charge. b Sticky dipole models i.e.
.BBL, SSD have one molecular coordinate system with the

Ž .origin at the oxygen, which is the center of a hard BBL or
Ž . Ž .van der Waals SSD sphere, a point dipole gray arrow , a

Ž .tetrahedral octupolar sticky potential dotted circular patches ,
Ž .and an additional sticky angular function SSD only .

w xties 18 . Third, the tetrahedral, octupolar sticky
potential is now a smooth function to be compati-
ble with the Lennard]Jones soft sphere. Finally,
another angular sticky potential has been added
to SSD, which improves the structure of SSD
relative to BBL water. The SSD model gives good

w x w xdescriptions of the structural 16 , dielectric 20 ,
w x Ž .and dynamical 21 properties of water Table 1 .

Moreover, the SSD model is very efficient since it
is seven times faster in MC simulations and four
times faster in MD simulations than three-site
models such as TIP3P and SPC. Because the SSD
model is such a good model for computer simula-
tions of biomolecules and works well in the the-
ory, it is the model of choice for the theory.
However, earlier studies with the BBL model are
also instructive in determining the accuracy of the
theory.

3. Comparison of theory with Monte Carlo
simulations

Since integral equations predict the structure
of liquids from atomistic potential energy func-
tions, the most stringent test of such a theory is to
compare results from the theory with those from
a MD or MC simulation using the same potential
energy function. This is a more stringent test of

the integral equation theory itself than comparing
the theory directly to experiment since deviation
from experiment could be due to deficiencies in
either the theory or the potential energy function.
In addition, comparison to simulation allows cal-
culation and subsequent comparisons of quanti-
ties that may not be easily obtained experimen-
tally. Of course, the accuracy of the overall theo-
retical treatment, integral equation plus the po-
tential energy function, must be tested by com-
parison with experiment. However, for SSD wa-
ter, the potential energy function has already
been shown to agree well with experiment, so the
important step for this theory is to show agree-
ment with simulations.

The theory has been tested by comparing the
three-dimensional spatial structure of water

oŽ .around a solute, g r , and the solute]watersw
interaction energy, E , computed from theory tosw
results from MC simulations using the identical
potential model. Details of the MC simulations

w xare given elsewhere 10,11 . The spatial distribu-
oŽ .tion function g r is the probability of findingsw

a water molecule at r from the solute regardlesssw
of the orientation of that molecule and is thus
like the standard definition for the pair distribu-
tion function for water molecules. For display

oŽ .purposes, g r is averaged to obtain the radialsw
oŽ .distribution function, g r and the spatial dis-sw

tribution of water in the first solvation shell,
oŽ .g R yR u f , where R and R de-min max sw sw min max

fine the first shell. The solute]water interaction
energy E is calculated bysw

1o Ž . Ž . Ž .E sr g r rk r dr ¨ r VH Hsw sw sw sw sw sw28p

w Ž .x Ž .=exp ybv r V dV 10sw sw sw

3.1. Sol̈ ation of fixed ice clusters

The first test systems were clusters of water,
which served to test the ability of the theory to
predict the solvation both of polar solutes and of
globular solutes with buried atoms. The distribu-
tions of water around fixed clusters of one, five,
or 25 water molecules were studied, in which both
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Table 2
Solvent coordination numbers around frozen water clusters calculated from integral equation theory and Monte Carlo simulations

Solute size One-molecule Five-molecule 25-Molecule

˚Ž .Distance A 3.2 4.4 6.5 2.85 5.75 5.5 8.4
Theory 5.08 11.5 38.4 0.12 21.9 1.54 57.6
Simulation 4.58 11.2 37.9 0.07 22.6 3.07 61.6

solute and solvent molecules were either all BBL
or all SSD water. Since the solute contains water
molecules, there is an uninterrupted three-dimen-
sional hydrogen bonding network between the
solute cluster and the solvent water. For all of the
clusters, the number of waters in the first few
solvation shells given by the theory agree reason-

Ž .ably well with simulation for both BBL Table 2
Ž .and for SSD Table 3 . The solute]solvent inter-

action energies are also reasonably good for SSD
Ž .Table 3 .

The monomer solute consists of a single water
molecule identical to the rest of the water
molecules representing the solvent. The distribu-
tion functions around it are thus the same as the
water]water distribution functions of the pure
liquid. The theory predicts a radial distribution

oŽ .function, g r , and a spatial distribution ofsw
oŽ .water in the first shell, g R yR u f formin max sw sw

˚both BBL between R s2.83 A and R s3.0min max
˚ ˚w xA 10 and SSD between R s2.7 A and Rmin max

˚ w xs2.9 A 11 water that are in excellent agree-
ment with MC. The overall good agreement sug-
gests that the theory is able to predict the tetra-

hedral hydrogen bonding structure of liquid wa-
ter.

The five-molecule solute consists of five water
molecules in an ice-I structure: one at the centerh

Ž .of the coordinate system Fig. 3 and the other
four at the tetrahedral neighbor sites hydrogen-
bonded to the central one. The oxygen atoms
form a perfect tetrahedron with an O]O distance

˚of 2.85 A between the central and each of the
corner molecules. The theory predicts a radial

oŽ .distribution function, g r , that is in excellentsw
Ž .agreement with simulation for both BBL Fig. 4

Ž .and SSD Fig. 5 . Remarkably, the theory is able
˚to predict a smaller peak at rs2.75 A for BBL

seen in MC due to penetration into the faces of
the tetrahedron formed by the four corner solute
water molecules. In addition, the theory predicts
ring-like regions encircling each of the ‘corner’
solute molecules in the spatial distribution func-

oŽ .tion for the first shell, g R yR u f ,min max sw sw
where u f are defined in Fig. 3, for both BBLsw sw

˚ ˚ Ž .between R s3.0 A and R s5.75 A Fig. 6min max
˚ ˚and SSD between R s4.4 A and R s4.8 Amin max

Ž .Fig. 7 , which are also seen in the simulation.

Table 3
Structural and energetic results of water around various solute calculated from the integral equation theory and MC simulations

a b˚Ž . Ž .Solute R A Coordination number E kcalrmolmax sw

Theory Simulation Theory Simulation Theory Simulation

One-water 2.80 2.80 4.7 4.2 y17.5 y19.3"0.5
Five-water 4.70 4.68 23.1 21.6 y53.4 y62.7"2.7

qLi 2.00 1.98 5.5 5.5 y266 y263"13
qNa 2.40 2.38 6.5 6.6 y214 y230"23

yF 2.60 2.58 6.2 7.1 y172 y181"14
yCl 3.28 3.33 11.1 9.6 y155 y125"16
q y ˚Ž .Na ]Cl pair 5 A y246 y280"24
q y ˚Ž .Na ]Cl pair 7 A y294 y311"37

a oŽ .R is the position of the first peak in g r .max sw
bCalculated by integrating the radial distribution functions out to the first minimum.
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Fig. 3. Schematic of the coordinate system with the origin
located at the center-of-mass of a solute water molecule.

Within each ring, there are three peaks that
correspond to the three solvent nearest neighbors
of the corner molecule, with the fourth nearest
neighbor being the water molecule at the center
of the solute. For SSD, the ring-like structure is
not as apparent in the simulation results. This
could be due to the simulation not being long
enough to sample the region between the peaks
or to approximations in the theory. Although

oŽ . oŽ .approximations of c r and g r byw w 9 sw
isotropic solutions might seem the most likely
culprit, the good results for the BBL model using
these approximations indicate otherwise. This in-
dicates that further studies of the approximate
bridge functions may be necessary. As a whole,
these results demonstrate the ability of the theory
to predict the tetrahedral bonding structure as
well as the excluded volume effects.

The 25-molecule solute consists of 24 BBL
water molecules around a central water BBL
molecule taken from a single coordinate file of a
MC simulation of pure BBL water. Thus, the
structure of the cluster is irregular with many

oŽ .atoms buried away from the solvent. The g rsw
Ž .predicted by theory Fig. 8 is in reasonable

agreement with simulation. Since both show
near-zero solvent population at distances within

˚4.0 A, the theory predicts excluded volume effects
well. The theory also predicts the first major

˚solvation shell approximately at rs7.3 A, al-
˚though it misses the shoulder at 6 A in the MC

results. This demonstrates the ability of the the-
ory to handle large solutes efficiently and yet with
reasonable accuracy.

oŽ .Fig. 4. The radial distribution functions g r for BBLsw
water around the five-molecule ice cluster calculated from the

Ž . Ž .theory line and from MC simulation circles .

3.2. Sol̈ ation of ions

The distribution of SSD water around a set of
single cations and anions of different sizes and an
ion pair at two different separations have also
been studied. These studies are important tests
for the ability of this theory to predict solvation of
ionic species. In particular, the study of water
near an ion-pair is of biochemical importance,
since the association of unlike charges plays an
important role in the formation and function of

w xbiological molecules 41]43 . For all of the sys-
tems studies, the theory is in reasonably good
agreement with simulation for the locations of

oŽ .Fig. 5. The radial distribution functions g r for SSD wa-sw
ter around the five-molecule ice cluster calculated from the

Ž . Ž .theory line and from MC simulation circles .
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ŽFig. 6. Contour maps of the spatial distribution g8 R ymin
˚ ˚.R u f for R s3.0 A and R s5.75 A of BBLmax sw sw min max

water in the first solvation shell around the five-molecule ice
Ž .cluster solute calculated from a theory, with contour levels at

Ž .1, 2, 3, 4, 5, 8; and b MC simulation, with contour levels at 1,
2, 3, 4, 5, 10, 20. Contour levels above 5 were chosen to
indicate peak positions.

the first peak, the coordination numbers and the
Ž .ion]water interaction energies Table 3 .

Four simple ions, Liq, Naq, Fy, and Cly in
w xSSD water were studied 11 . The theory predicts

oŽ . w xsimilar g r to that from simulations 11 . Thesw
overall good agreement is attributed to the bridge
functions, despite the fact that they are scaled
from the pure water results.

Naq]Cly pairs in SSD water at two different
˚Ž .separations 5 and 7 A were studied. These two

distances were chosen because the two separa-
˚Ž . Žtions are likely to either favor 7 A or disfavor 5

˚.A water intervention between the two. The re-
sults are described in terms of a cylindrical coor-
dinate system centered midway between the two
ions with the z-axis along the internuclear axis.

oŽ .The theory predicts the water density g r usw sw
˚ Ž .around the ion-pair at 5-A separation Fig. 9 and

˚ Ž .at 7-A separation Fig. 10 that are in good agree-
Žment with MC. The ripples in the two main

oŽFig. 7. Contour maps of the spatial distribution g R ymin
˚ ˚.R u f for R s4.4 A and R s4.8 A of SSD watermax sw sw min max

in the first solvation shell around the five-molecule ice cluster
Ž .solute calculated from a theory, with contour levels at 1, 2, 3,

Ž .4, 5, 5.6; and b MC simulation, with contour levels at 1, 2, 3,
4, 5, 11, 15, 20, 25. Contour levels above 5 were chosen to
indicate peak positions.

solvation shells are due to the increments in usw
˚.used for the calculation. For the 5-A separation

Ž .case Fig. 9 , the theory shows a low probability
pocket of water located between the ions due to
the favorable electrostatic energy when the water
dipole aligns with the field from the two ions.
Since the MC simulation results do not show this
pocket of water, this may reflect an inadequacy of
the theory, although it may also be due to insuf-
ficient statistics in the simulation since the pocket

˚has a low probabilty. In the 7-A separation case
Ž .Fig. 10 , both theory and simulation show two
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oŽ .Fig. 8. The radial distribution function g r for BBL watersw
around the 25-molecule ice cluster solute calculated from the

Ž . Ž .theory line and from MC simulation circles .

complete solvation shells. These results are simi-
lar to other MC simulation results for the Liq]Fy

w xpair 44 .

4. Efficiency

Compared to MC simulations, the theory is
extremely efficient. For example, the simulation
data around the single water solute required ap-
proximately 200 CPU h on an IBM RISC 6000
workstation, while the theory data required -8
h. Furthermore, the speed could be improved by
making the computer code parallel. This is trivial

oŽ . oŽ . <because the approximation g r sg r ;u ,fsw sw

oŽ .Fig. 9. Contour maps of the SSD water distribution g r u as a function of Xs r cosu and Ys r sinu . around thesw sw sw sw sw sw
q y Ž . Ž . q Ž .Na ]Cl ion pair calculated from a theory and b MC simulation. The interionic separation between the Na solid circle and

y ˚Ž .the Cl open circle is 5 A. The contour levels are at 0.5, 1, 1.5, 2, 2.5 and 3.
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˚Fig. 10. Same as Fig. 9 except that the interionic separation is 7 A.

allows the calculations for a given set of u and f
to be done separately on individual nodes of a
parallel machine, which is impossible for the more
accurate three-dimensional convolution. Thus, the
speed of the present theory should scale almost
linearly with the use of array processors.

The slowest computational step in the present
Ž .theory is the numerical evaluation of k r insw

Ž .Eq. 7 , which is an integral over the orientational
angles for each spatial position. Thus, the amount
of computation is proportional to N9N N whereu f

N9 is the number of non-neutral sites that are
near the surface of the solute and N N is theu f

total number of grid points. The next slowest step
Ž .is the iterative solution of Eq. 8 , which scales as

N N . The quantity N N is proportional to theu f u f

surface area of the solute and therefore, the
overall computational demand of this theory
roughly scales as the surface area of the solute
times N9. Consequently, the theory should be
more efficient in modeling water around globular
solutes and less so around solutes with a greater
surfacervolume ratio, such as linear, planar, or
those with very complex surface geometry.

5. Conclusions

The integral equation theory described here is
designed for modeling the solvation of large so-
lutes and so a balance of accuracy and computa-
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tional efficiency is the foremost consideration.
The initial results for solutes of various sizes,
geometries, net charges and charge distributions
are quite accurate and have demonstrated that
the theory is quite successful in achieving its
initial goal. We believe that the theory is poten-
tially useful for modeling solvation of large,
globular solutes such as biological macro-
molecules.
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